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Abstract. We study the category O for a general Coxeter system using a 
formulation of Fiebig. The translation functors, the Zuckerman functors and 
the twisting functors are defined. We prove the fundamental properties of these 
functors, the duality of Zuckerman functor and generalization of Verma's result 
about homomorphisms between Verma modules. 

1. Introduction 

The Bernstein-Gelfand-Gelfand (BGG) category O is introduced in [BGG76]. 
Roughly speaking, it is a fuU-subcategory of the category of modules of a semisim- 
ple Lie algebra which is generated by the category of highest weight modules. 
Soergel [Soe90] realized the endomorphism ring of the minimal progenerator of 
a block of O as the endomorphism ring of some module over the coinvariant ring 
of the Weyl group. As a corollary, a block of the category O depends only on 
the attached Coxeter system (the integral Weyl group) and the singularity of the 
infinitesimal character. 

Generalizing this method, Fiebig [FieOSb] and Soergel [Soe07] construct some 
module over some algebra for any Coxeter system (W, S). If we consider the case of 
a Weyl group, the endomorphism ring of this module is equal to that of the minimal 
progenerator of the deformed category O. Speciahzing it, we get the category O. 

In this paper, we study the category O for a general Coxeter system. Let {W, S) 
be a Coxeter system and take a reflection faithful representation V of {W, S) (see 
2.5). After Braden-MacPherson [BMOl], we consider the associated moment graph. 
Let Z be the space of global sections of the structure algebra of this moment 
graph and {B{x)}x£W the space of global sections of Braden-MacPherson sheaves. 
Then Z is an S'(y*)-algebra and B{x) is a Z-module. Consider a C-algebra A = 
Endz(0^g^ i3(x)) 'S's{V') "C. If {W,S) is the Weyl group of a semisimple Lie 
algebra, then the regular integral block of the BGG category is equivalent to the 
category of finitely generated right A-modules. However, in general case, the author 
dose not know whether the algebra A is Noetherian. Instead of this, we define a 
category O as the category of right A-modules. By the above reason, even if {W, S) 
is the Weyl group of a semisimple Lie algebra, O is not equivalent to the ordinal 
BGG category. 

We state our results. Put P{x) — iiomzi^y^y^^ B{y), B{x)) ^s{v) C. Then 
P{x) is a projective object of O and it has the unique irreducible quotient L{x). In 
[FieOSa] , the translation functor 9f of the category of Z-modules are defined for a 
simple reflection s. Then the module A' = IIomz(0j^ B{y), 0^ 9^ B{x)) ®s(V') C 
is an A-bimodule. Define a functor 9s from O to O by 9s{M) = IIomA(^',M). 
Then we have the following theorem. 

Theorem 1.1 (Proposition 3.14, Theorem 3.19). Let s he a simple reflection and 
xcW. 

(1) The functor 9s is self-adjoint and exact. 
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(2) Ifxs < X, then 6',(F(x)) = P{x)®^. 

(3) The module 9sL{x) is zero if and only if xs > x. 

Next, we consider the Zuckerman functor. Fix a simple reflection s and let Os 
be a fiiU-subcategory of O consisting of a module M such that Homyi(P(x), M) = 
for all sx < X. Then it is easy to see that the inclusion functor tg: Og ^ O has 
the left adjoint functor r^. Put = o and let Lts be its left derived functor. 
Let D^{0) be the bounded derived category of O. We prove the following duality 
theorem. 

Theorem 1.2 (Theorem 4.10). (1) Fori > 2 and M e O, we have Uts{M) = 
0. Hence Lts gives a functor from D''{0) to D^{0). 
(2) The functor Lts[—1] is self- adjoint. 

In the case of g-modules, this theorem is proved by Enright and Wallach [EW80] 
(in more general situation). 

Next result is a generalization of Verma's result about homomorphisms between 
Verma modules [Ver68]. Let V{x) be a Verma Z-module [FieOSb, 4.5]. Put M{x) = 
Romzi^y^yy B{y), V(a;))(g)5(y.)C. Then M{x) gives a generalization of the Verma 
module. We prove the following theorem. 

Theorem 1.3 (Theorem 6.1). We have 

Rom{M{x),M{y)) = 

Moreover, any nonzero homomorphism M{x) M{y) is injective. 

Final results are about the twisting functors [Ark97]. For a simple reflection s, 
we will define a generalization of the twisting functor Tg (Section 5). We prove the 
following theorem. 

Theorem 1.4 (Proposition 5.5, Theorem 7.2, Theorem 7.3). Let s be a simple 
reflection. We denote the derived functor of Ts by LTg. Let D{0) be the derived 
category ofO. 

(1) UTs =0 fori>l. 

(2) The functor LTs gives an auto- equivalence of D{0). 

(3) For a reduced expression w = si---s;, Tsj---Tg, is independent of the 
choice of a reduced expression. 

In the case of the original BGG category, this is proved in [Ark97, AS03]. 

We summarize the contents of this paper. We recall results of Fiebig [FieOSa, 
FieOSb] in Section 2. The category O and the translation functors are defined in 
Section 3, and the fundamental properties are proved. We also define an another 
functor ips. In Section 4, we prove Theorem 1.2. The definition of the twisting 
functors appears in Section 5, and fundamental properties are proved. Theorem 1.3 
is proved in Section 6. We prove Theorem 1.4 in Section 7. 

2. Preliminaries 
In this section, we recall results of Fiebig [FieOSa, FieOSb] . 

2.1. Moment graphs and Sheaves. Throughout this paper, we consider S{V*) 
as a graded algebra for a vector space V with grading degV^* = 2. We define the 
grading shifts (fc) by (M{k))n = Mn-k where M = Mn is a graded module. 

Definition 2.1. Let F be a vector space. A V* -moment graph Q = (V, £, hg,tg,lg) 
is given by 



C {y<x), 
(y ^ x). 
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• an ordered set V, called the set of vertices. 

• a set called the set of edges. 

• a map tg,hg: £ such that tg{E) > hg{E) for all E G £. 

• amapZg: £ ^¥'^{V*). 

For E € £g,we denote lg{E) by Vg. 

Definition 2.2. Let F be a vector space and G = {V,£,hg,tg,lg) a y*-moment 
graph. 

(1) A sheaf = {{■Mx)xzv-, {•^E)E^e-, {p'^^e)) on Q is given by 

• a graded S'(y*)-module J^x- 

• a graded S'(y*)/l/^S'(y*)-niodulc ^e- 

• an 5'(y*)-module homomorphism p'^^'- -^e for x G V and 
E g£ such that x e {tg{E), hg{E)}. ' 

(2) Let be sheaves on Q. A morphism f = {{fx)xeVj{fE)Ees)' 
JY is given by 

• an 5(V^*)-homomorphisni f^'- J^x — * -^x- 

• an S'(V'*)-homomorphisin /e: J^e — > -^e- 

• Pf,E° h = !eO p-f^E- 

Define a sheaf s^g on ^ by = ((5(y*))^ev, (^(^*)/^^i5(^^*))£e£, (Px,b)) 
where is the canonical projection. This sheaf is called the structure sheaf. 

For a sheaf = {{^x)xeVj {•^E)Ees, {P'^e)) Q, we can attach the space of 
its global sections by 

r(./#) = <^ ((to^), (mij)) € Yl .J^x ® Yl --^s \ pfEim-x) = ruE \ 

Put Zg = T{,s/g). Then Zg has the structiu-c of a graded S'(y*)-algcbra and 
r defines a functor from the category of sheaves on Q to Zg-mod, here Zg-mod 
is the category of graded .Zg-modules. We also define the support of ^ by 
supp.^ — {x € V \ .J(x 7^ 0}. The grading shifts for a sheaf is defined by 
Jt{k) = {{^x{k))xev, {^E{k))Eee, {pf,E))- Then we have T{J^{k)) = T{J^){k). 

Let V be a subset of V. Put £' = [E e £ \ hg{E) e V, tg{E) G V'}. 
Then C?' = {V ,£' ,hg\£i ,tg\£i ,lg\£i) is also a y*-momcnt graph. For a sheaf ./# = 
((-^x)xev, (^i5)Be£, (p^b)) on g, ((^x)xev', (^i=;)i=;e£', (p^b)) is a sheaf on g' . 
We denote this sheaf by ^jy. 

2.2. Z-module with Verma flags. By the definition, we have Zg C IlajGV S{V*). 
For VLCV, let Z^ be the image of Zg under the map Ho^ev -^l^*) ^ Hxen '^(y*). 
Let Zg-mod^ be the category of graded Zg-modules that are finitely generated over 
S{V*), torsion free over SiV*) and the action of Zg factors over Zg for a finite 
subset C V. 

Let Q be the quotient field of S{V*). Since Zg c Hxev '^(^*)' '^^ Zg^siv) 
Q C n^ev Q- We also have ®s(v) Q C n^en <3- 

Lemma 2.3 ([FieOSb, Lemma 3.1]). Ifflis finite, then Zg ®s{v) Q = IlxGn Q- 

For a; G V, put e^; = {Sxy)y G IIi/gv *3 where 5 is Kronecker's delta. Let M be 
an object of Zg-mod^ and take a finite subset fl C V such that the action of Zg 
on M factors over Z^^. For x e put = ex{Q ®5(y*) M). Set = for 
a; G V \ f^. Then we have Mq = 0^gy where Mg = Q (^siv) ^- These are 
independent of a choice of O. Since M is torsion-free, M c Mg. 
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Definition 2.4. For M e Zg-mod/ , ^IdV, put 
and set 

M*^ = Im [ M Mq ^ M§ j . 

A subset O C V is called upwardly closed \i x & Q.,y > x implies ?/ G f2. 

Definition 2.5. We say that M e Zg-mod/ admits a Verma flag if the module 
is a graded free S'(y*)-module for each upwardly closed fl. 

Let Aig be a full-subcategory of Zg-mod-^ consisting of the object which admits 
a Verma flag. 

Remark 2.6. Fiebig [FieOSa, FieOSb] uses a notation V for the category of modules 
which admits a Verma flag. Because we denote the set of vertices by V, we use a 
diflferent notation. 

The category Mg is not an abelian category. However, Mg has a structure of 
an exact category [FieOSb, 4.1]. 

Definition 2.7. Let Mi M2 M3 be a sequence in Aig. Wc say that it is short 
exact if and only if for each upwardly closed subset f2 the sequence — *■ Mp — *• 
M2 — > — > is an exact sequence of 5(y*)-modules. 

2.3. Localization functor. Let SH{G) be the category of sheaves on ^ such 
that supp.^ is finite and is finitely generated and torsion free <S'(y*)-module 
for each x e V. Then we have T{SH{g)) C Z-mod^ . 

Proposition 2.8 (Fiebig [FieOSb]). The functor T: SH{g) Z-mod^ has the left: 

adjoint functor I£ . 

The functor ^ is called the localization functor. 

For an image of M.g under .if, we have the following proposition. For a sheaf 
on ^ and a; S V, put 

.^[^1 = Ker I ^ A 

\ hg{E)=x 

A sheaf ^ is called flabby if T{^) T{^\q) is surjective for all upwardly closed 
set O. 

Proposition 2.9 ([FieOSb]). (1) The functor if is fully-faithful on Mg. 

(2) For M e Zg-mod^ , put ^ = J^{M). Then M admits a Verma flag if and 
only if ^ is flabby and ^^^^ is graded free for all a; G V. 



For X €V, define a sheaf "^(cc) by 

r{x)y = 
r{x)E = 0. 



S{V*) (y = x), 

[y^x], 



The sheaf i^ix) is called a Verma sheaf and its global section V{x) — T['f'{x)) is 
called a Verma module. The module V{x) admits a Verma flag for all a; G V. 
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2.4. Projective object in Mg. Let G = {V,£,hg,tg,lg) be a F*-monient graph. 
Since Mg is an exact category, we can define the notion of a projective object in 
Mg. We can also define the notion of a projective object in ^{Mg) since ^ is 
fully- faithful on Mg. 

Theorem 2.10 ([FicOSb, Theorem 5.2]). For each x <E V there exists an in- 
decomposable projective object £§{X) G ^{Mg) such that ^{x)x — S{V*) and 
supp^(a;) C {y \ y < x}. 

Moreover, a projective object in^{Mg) is a direct sum of {^{x){k) \ x gV, fee 
Z}. 

The sheaf ^(a;) is called a Braden-MacPherson sheaf [BMOl]. 

2.5. Moment graph associated to a Coxeter system. Let {W. S) be a Cox- 
eter system such that S is finite. We denote the set of refiections by T. A finite 
dimensional representation V oi W is called a reflection faithful representation if 
for each w £ W, is a hypcrplanc in V if and only ii w G T. By Socrgcl [Soe07], 
there exists a refiection faithful representation. Let F be a refiection faithful rep- 
resentation. For each t G T, let at GV* he a non-trivial linear form vanishing on 
the hypcrplane V^*. If s ^ t, then ag ^ at [FicOSb, Lemma 2.2]. 

Let S' be a subset of S and W the subgroup of W generated by S' . We attach 
a F*-moment graph Q = (V, £, kg, tg, Ig) to ((W, S), {W , S')) by 

• V = W/W, an order is induced by the Bruhat order. 

• £ = {{xW',yW'} I x G TyW'}. 

• lixGTy,x<y, then hg{{xW' ,yW'}) = xW , tg{{xW' ,yW'}) = yW . 

• Vl,w',t.w'} = Cat fo'^ G W/W, t G T. 

In the rest of this paper, wo fix a Coxeter system {W, S) and a reflection faithful 
representation V. Let Q be the y*-moment graph associated to {{W,S), ({e},0)). 
Put = s^g, Z = Zg and M = Mg. 

2.6. Translation functor. We define an action of a simple reflection ,s G 5 on 
Yiwew '^(^*) ^{{^w)w) = {zws)w This action preserves Z. Put Z" = {z G Z \ 

s{z) = z}. Then Z" is an S'(y*)-subalgcbra. For M G Z-mod-'', put 6'fM = Z i^z- 
M(-l). Let ^{x) be the Braden-MacPherson sheaf and put ^{x) = M{x){-i{x)} 
Set B{x) = T{^{x)). 

Proposition 2.11 ([FieOSa, Proposition 5.5, Corollary 5.7]). (1) The functor 

9f preserves M. 

(2) The functor 9f is exact and self-adjoint. 

(3) For M G Z-mod^, supp(.if (6*,^ (M))) c supp(^(M)) U supp(.i^(M))s. 

(4) Assume that xs > x. There exists a projective object P G M such that 
Of{B{x)) = B{xs) © P and supp.if (P) (l{yGW\y<x}. 

(5) There exist degree zero canonical homomorphism Id(l) 9f and Of — > 
Id(-l). 

Remark 2.12. Set Cg = {w{a))u]. The natural transformation Id(l) — »■ 9f is given 
bymi— >Cs(8im-(-lig) c^m and 9f — > Id(— 1) is given hy z ^m>-^ zm. 

3. The category O 

3.1. The functor t^f . For a graded S'(V*)-module M and w G W, let 6,„(M) be 
an S'(y*)-module whose structure map is given by S{V*) ^ S{V*) End(M). 
We remark that if M is annihilated by at for t G T, then we have bt{M) ~ M as a 
graded /S'(y*)-module. 
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First we define a functor as - SH{G) SH{G) by the following. Let ^ € 
SH{Q). Then the sheaf as{^) is defined by 

• {as{^))x = b^-iM^-i for x e W, 

• {as{J^))E = b^^i{ME') where x = hg{E), hg{E') = hg{E)-'^ = x~'^ and 
tg{E')=tg{E)-^ = {txr\ 

• Px.E — Px-^,E'- 

It is easy to see that these data define a sheaf as{^) and functor as'- SH{G) — > 

sniG)- 

Let az : IlaeVK S{V*) Ylxew ^i^*) be an algebra homomorphism defined by 
0'{{zw)w) = {wz^-i)yj- Then az preserves a subalgebra Z and gives a C-algebra 
homomorphism. We remark that is not an S'(y*)-algebra homomorphism. For 
a Z- module M, let om(-M) be a Z-module whose structure map is given hy Z 
Z — > End(M). This defines a functor om : .^-mod — > Z-mod. 

Lemma 3.1. (1) We have supp(as(^)) — {x^^ \ x e supp^}. 

(2) Wehave as{SH{Gy)^Sn{Gy - 

(3) We have aM(^- mod-') C Z-mod-^. 

(4) We have T o as — om o T. 

(5) We have ££ o aM — as o 

Proof- (1) and (2) is obvious from the definition. 

(3) By the definition, we have az{Z^) = Z^ where fl' = {x^^ \ x e il}. Hence 
if the action of on M factors over Z^, the action on aM{M) factors over Z^ . 

(4) Let ^ e S'H{G)- By the definition, we have 

r(a5(^)) 

= \ {(mx), {rriE)) G ]J b^-i^^-i ® Y[ K-^-^E' I pf-i,E'i'^x) =mE> , 
I xew Eee J 

where E' is the same as in the definition of as- Replace x x~^. Then E' becomes 
E. Hence we get 

r(as(^)) = < {{m^-i), {rriE')) G 6x^x © ]J h^J^E \ P'i^Ei^x) = > ■ 
I xew Ees ) 

From this formula, as a space, T{as{^-^)) = r(./#). The action of z = {z-uj) G Z on 
((mj;), (m£;)) G T{as{.^)) is given by {{x{z^-i)m,^), {x{z^-i)mE)) where tg{E) = 
X- This action coincide with the action of z on UMi^i-^))- 

(5) Obviously, a| = Id and a%[ = Id. In particular, as ■ SH{G)^ — > SH{G)^ and 
Am: .^-mod^ ^ Z-mod-'^ are self-adjoint. Hence, taking the left adjoint functor of 
the both sides in (4), we get (5). □ 

Proposition 3.2. We have aM{M) = M- 

Proof. Take M G and put ^ = ^{M), jV = ^{aM{M)) = as{^)- We prove 
that jV is flabby and jV^^^ is graded free for a\\x & W- 

Let Q be a upwardly closed subset and put Q,' = | x G fi}. Then Q! is 

also upwardly closed. Since ^ is flabby, r(^) is surjective. Hence 

r(^) = aM(r(.^)) ^ aM(r(.^|nO) = r(^|n) is surjective. 

By the definition of ^[^1, we have ,yK[^l = 1). Since.^1^ ] is graded 

free, ^1^1 is graded free. □ 



Lemma 3.3. We have aM{B{x)) = B{x ^). 
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Proof. Since a gives an auto-equivalence of the category M, aM{B{x)) is an in- 
decomposable projective object. By Lemma 3.1 and the definition of as, we 

have supp^(aM(-B(a;))) = supp as {^{B{x))) = {y~^ \ y € snpp {B {x))} and 
^(aMiBix))),-. = (asi^^iBix)))),-. = b,-iJ^(B{x)), = b,-iSiV*){-i{x)) = 
b^-iS{V*){-e{x-^)) ~ S{V*){-e{x-'^)). Hence wc get the lemma. □ 

Prom Proposition 3.2, we can define the functor (pf : A4 ^ A4 hy (ff = aM ° 
9g o om • Since om gives an equivalence of categories, the fundamental properties 

of (pf follows from that of 6'f . 

Proposition 3.4. (1) The functor (pf preserves M.. 

(2) The functor ip^ is exact and self-adjoint. 

(3) For M e Z-mod^, supp jSf (c/jf (M)) C supp.i^(M) U s(supp J^(M)). 

(4) Assume that sx > x. There exists a projective object P G M. such that 
ipf{B{x)) = B{sx) e P and suppif (P) <Z {y G W \ y < x}. 

(5) There exist degree zero canonical homomorphisrns Id(l) — »■ and (pf — > 
Id(-l). 

We describe the functor ipf more explicitly. We define an algebra homomorphism 
^s- nu,evv"^(^*) ^ n«,GW"5'(^*) by = (s(zst„))u,. Note that this is not 

an S'(y*)-mo(lulc homomorphism. The subalgebra Z satisfies rs{Z) = Z. Recall 
that the map s: Z Z is defined by s{{zw)w) = {Zws)w Then it is easy to see that 
rgoaz ^ az o s. Set Z""' = {z e Z \ rs{z) = z}. Then we have tpfM = Z <Sizrs M. 
Prom this description, we get the following proposition. 

Proposition 3.5. For simple refl,ections s . t . the functors 9f and commute with 
each other. Moreover, the natural transformation 0^(1) fgOf (resp. iPs{l) 
efipf, <f^jf ^ ef{-l), 0f (pf ^ (-1); can be identified with 0f (Id(l) ^ ) 

(resp. <pf (id(i) ^ ef), efi^f ^ id(-i)), ^f{ef ^ id(-i));. 

Proof. First we remark that t and commute with each other. Put Z^"'* = 
Z'^' r\ZK We prove that Z ®z-^'t M c:± Z ®z-^ Z ®z* M for a Z-module M. The 
same argument implies Z (gjz^s.t M c^i Z 0z* Z ^z^s M. 

Consider the map S: Z ®z^=-^ M ^ Z (g)z^s Z ®zt M defined by S(z (g) m) = 
z®\®m. This map is a Z- module homomorphism. Set a = a^. We regard a as an 
element of Z by the structure map S(y*) Z. Put Ct = {w{at))w Then we have 
Z = Z*® ctZ* [PieOSa, Lemma 5.1]. Since az{cs) = a^, we have Z = Z''^ ® aZ'''. 
Hence we get 

Z ®z-s Z (^z^ M = {I ® I ® M) ® {a ® I ® M) ® {I ® Ct ® M) ® {a ® Ct ® M). 
Similarly, we get 

Z i^z-s.t M = (1 (g) M) ® (a (g. M) ® (c( (g. M) ® {act (g M). 

Since Ct e 1 (g) c* M = c* 1 (g) M and a c* M = act (g) 1 (g) M. Hence E 
is an isomorphism. 

We prove the second claim. We omit a grading. The map Z ®z* M —y Z ®z^> 
Z 02* M is given by l0rni— > I0a0m + a0l0m (Remark 2.12). Since a € Z*, 
we have l0Q!0m = l0l0 am. Under the isomorphism Z 0^* Z (E)z^s M ~ 
Z'Siz'-s.tM ~ Z0z^».Z0ztM, 2;0l0m € ^0^* 2'0zr-, M corresponds to 2; 01 0m e 
Z iSiz^s Z®z* M. Hence the map Z^z* M — > Z0zr-, ^0^* M ~ ^0^* Z iS)z^s M 
is given byl0TOK^l0l0 am + a 1 m = 1 1 am + 1 a rn. This is equal 
to (Id Ps ). We can prove the other formulae by the same argument. □ 

Lemma 3.6. Fix s e S and put S' = {s}, W = {l,s}. Let Q' be the mo- 
ment graph associated to {{W, S), {W, S')), 3§'{xW') the Braden-MacPherson sheaf 
and B'{xW') = T{^'{xW')){-i{x)) for x eW such that xs < x. Using Zg, ~ 
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[FieOSa, 5.1], we regard B'{xW') as a Z^-module. If xs < x, Z®z' B'ixW) ~ 
B{x). 

Proof. Notice that Z ®z' ■ and Resz» have the exact right adjoint functors. Hence 
they preserve a projective object. By [FieOSa, Lemma 5.4], .^{Z ®z' B'{xW'))x = 
S'(F*)(— and its support is contained 'w. {y & W \ y < x}. Hence B{x) 
is a direct summand of Z B'{xW'). Take a projective object P such that 
Z ^z" B'{xW') = B{x) © P. We prove P = 0. In the rest of this proof, we 
omit a grading. By the construction of the Braden-MacPherson sheaf [BMOl, 1.4], 
^{B{x))x = ^{B{x))xs = 5'(V'*). By [FieOSa, Lemma 5.4], ^{Z®z^B' {xW'))^ = 
^\Z ®z' B'(xW'))xs = S{V*). Hence ^{P)^ = ^{P)xs = 0. Since Z ~ {Z")®^ 
as a .^^-module [FieOSa, Lemma 5.1], we have Resz»(Z®2aB'(a;T4^')) = B'(a;T4^')®2. 
Therefore, if P ^ 0, then Resz»(P(x)) = B'{xW') andResz=(P) = B'{xW'). Since 
^(P)x = ^{P)a:s = 0, we have ^{Reszs{P)):oW' = [FieOSa, Proposition 5.3]. 
This is a contradiction. Hence P = 0. □ 

Proposition 3.7. Let s be a simple reflection and x € W . 

(1) Ifxs > X, then e^B{x) = B{xs) © e^<,_ kezBiyXkr^-" for some 
rriy^k € Z>o. 

(2) Ifxs < x, then 9^ B{x) ^ B{x){l) ® B{x){-1) . 

(3) Ifsx > X, then (pfP(x) = B{xs) © e^<^_ fcez S(y)(fc>'"'"'= for some 

'my,k S Z>o. 

(4) Ifsx < x, then (fi^B{x) = B{x){l) ® B{x){-1). 

Proof. Let TV, 5", B'{xW') be as in the previous lemma. 

(1) Since Rcs^s B{x) is a projective object and the support of ^(Rcs^^ (P(x))) 
is contained in {yW \ y < x}, we have Resz- B{x) = ^^.^^B'{xsW'){k}""' © 

<x, ys>y, fcez for some and rriy^k- Then by the previous 
lemma, we get OfBix) = 0,^^ B(x,s)(fc - 1)™'= ®®y<., ys>y, ke^B{y){k-iry'' . 
By Proposition 2.11, we have rrife = if k 1 and mi = 1. 

(2) Prom [FieOSa, Lemma 5.1], we have Resza(Z(8)zs •) = Id®Id(2). Hence we 
have 

efB{x) = ef{Z B'{xW')) = Z (Resza(Z 0za B'{xW'))){-l) 

~ Z ®zs {B'{xW'){l) © B'{xW'){-l)) ~ B{x){l) © B{x){-1). 

(3) and (4) follows from (1) and (2) and Lemma 3.3. □ 

3.2. Definition of the category O. Set A = 'Rndzi^^^y^ B{x)). This is an 
S'(y*)-algebra. 

Definition 3.8. Put A = A®s(V') C where C = S{V*) /V* S{V*) is a one- 
dimensional 5'(y*)-algebra. Define the category O as the category of right A- 
modules. 

Remark 3.9. Even if {W, S) is the Weyl group of some Kac-Moody Lie algebra, 
the category O is not equivalent to the Bcrnstcin-Gelfand-Gelfand (BGG) category 
since BGG category has some finiteness conditions. If iyV, S) is a finite Weyl group, 
then the category of finitely generated right ^-modules is equivalent to the regular 
integral block of the BGG category. More generally, if {W^ S) is the Weyl group of 
some Kac-Moody Lie algebra, a block of the BGG category with positive level can 
be recovered from the algebra A [FieOSa] . 

Let O be the category of right A-modules. Since A = A/V*A is a quotient of A, 
we regard O as a full-subcategory of O. 
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Define the functor Z-mod ^ O by i>(M) = Homz(0^g^^ B(a;), M) and put 
$(M) = $(M) ®s(y.) C. 

Lemma 3.10. Let P be a direct sum of {B{x) \ x G W} 's and M G M. Then the 
following canonical maps are isomorphisms: 

• Homz(P,M) ^ Hom^($(P),$(M)). 

• Homz(P, M) (g)s(y.) C ^ HomA(«>(P), $(M)). 

Proof. We may assume tliat P = B{x) for some a; G W^. Hence it is sufficient to 
prove when P = ©^.^^y B{x). The lemma is obvious in this case. □ 

Set P{x) = $(S(a;)), P{x) = ^{B{x)) = P{x) ®s(v*) C, M{x) = and 
M{x) = ^{V{x)) = M{x) (8is(y) C. The module M{x) is called a Verma module. 
The module P(a;) has the unique irreducible quotient. The irreducible quotient is 
denoted by L{x). This is a one-dimcnsional ^-module and the unique irreducible 
quotient of M[x). To summarize it, we get the following lemma. 

Lemma 3.11. (1) P{x) is a projective A-module. 

(2) P{x) is a projective A-module. 

(3) L{x) is a simple A-module (hence, simple A-module). 

(4) We have RomA{P{x), L{y)) = Hom^(P(a;), L{y)) = 5^y. 

Proof. For (4), notice that we have HomA(M ®s(v) C,iV) = Hom^(M,7V) for 
M eO axidN eO. Hence we get HomA(P(a;), L{y)) = Hom^(P(a;), L{y)). □ 

Since there exists a surjective morphism B{x) V{x), we have a surjective map 
P{x) — > M{x). Moreover, we get the following proposition. 

Proposition 3.12. For x £ W, there exists a submodules = Mq C Mi C • • • C 
M„ = P{x) such that Mi/Mi-i ~ M{xi) for some Xi e W . Moreover, we can take 
{Mj} such that x = Xn> Xn-l > ■ ■ ■ > Xi. 

Proof. Consider the order filtration [FieOSb, 4.3] {Ni} of P{x). Then we have 
N^(v)/N,(^v)-l ^ P(a;)M. Since P(a;)M = V{v)''- for some n„ e Z>o, we get the 
proposition. □ 

3.3. Translation functors. In this subsection, we construct functors 9s,^s'- O ^ 
O using functors 9f,(ff. Since the construction is the same, set = 9f or ipf 
and we will construct a functor F: O ^ O. 

Put A' = ^i®y^w P^^iy))- Then the modulo A' is a right A-modulc and left 
End(0^g^;(^ P^i?(a;))-module. Moreover, using a homomorphism End(P(.x)) 
End{F^B{x)), A' is an A-bimodule. Define F: O^Ohy F{M) = Hom^(l', M) 
for M Then F{M) is a right ^-module. Since F^B{y) is a direct summand of 
(©xsVF B{x))®"^ for some m, A' is a direct summand of A®™ for some m. Hence 
A' is a projective right A-module. This implies that F is an exact functor. 

Set B = 0j^g^ B{y). From Lemma 3.10, we have 

A' c^liomj{A,A') = Hom;f($(B),$(P^(B))) 

~ Homz(P,P^(B)) ~ Romz{F^{B),B) ~ Hom^(l',I). 

So we have A' ~ P(I). 

Recall the following well-known lemma. For the sake of completeness, we give a 
proof. 
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Lemma 3.13. Let i?i,i?2 be an arbitrary ring, Ci the category of right Ri-modules 
(i = 1,2) and G a right exact functor Ci C^- Then we have a functorial isomor- 
phism G{X) ~ X (g)fl, G{Ri). 

Proof. Prom an i?i-module homomorphism 

X ^ RomnARi,X) ^ EomR,{G{Ri),G{X)), 

we have an i?2-ino(lulc homomorphism X^/ji G{Ri) G{X). If X is free, this map 
is an isomorpliism. For a general X, take an exact sequence Fi ^ Fq ^ X 
such that Fo, Fi are free. Then we have the following diagram: 

Fi Ofl, G{Ri) ^ Fo ^R, G{Ri) ^ X ^r, G{Ri) ^ 



G(Fi) ^ G(Fo) ^ G{X) ^ 0. 

The left two homomorphisms are isomorphisms. Hence X (S:r^ G{Ri) G{X) is 
an isomorphism. □ 

Hence we have F(M) ~ M F{A) ~ M (g)^ A'. This impUes 

Hom(FM, N) ~ Hom(M 0^ I', TV) ~ Hom(M, Homj(l', N)) = Hom(M, FN). 

We get the following proposition. 

Proposition 3.14. (1) The functor F is self-adjoint. In particular, F is an 
exact functor. 

(2) We have ^ '^F{A)^ 

(3) We have F{M) ~ M ®^ F{A). 

(4) We ha.ve $ o F^ ~ F o $. 

Proof. We already proved (1-3). We have 

F o $(M) = Hom^(I', $(M)) = Homj($( F^B{y)), $(M)) 

yew 

~Homz(0 F^B(y),M) ^Homz(0 S(y), F^M) = $(F^(M)). 
yew yew 

Hence we get (4). □ 

Now we discuss the restriction of F to the fuU-subcategory O. Fist we consider 
F^ = • For M e Z-mod, p G S{V*) induces a homomorphism p: M ^ M. 
Hence we have a homomorphism Of(j>): 9f {M) 9f{M). From the construction 
of 9f, this map is equal to the action of p: Og{M) —> Of{M). Since A' is an 
A-bimodule and A is a S'(V*)-algebra, A' is an S'(y*)-bimodule. From the above 
argument, the left and right S'(T^*)-module structure of A' coincide. Hence the 
action of S(y*) on 0s{M) = Hom^(l', M) coincides with the S'(F*)-action induced 
from that of M. In particular, if M is annihilated by V* (i.e., M G O), then ^(M) 
is also annihilated by V*. Hence 9s gives a functor from O to O and satisfies the 
similar properties in Proposition 3.14. We denote this functor by 9s. 

In the case of ipf , the situation is bad. In this homomorphism <pf{p) is 

not equal to p for p G S(V*) in general. Hence (ps dose not give a functor from O 
to O. Let tps be the restriction of the functor to O. This is a functor from O to 
O. 

Remark 3.15. By the same reason, we have 6s{M ®s{v*) *C) — (^s(-^)) ®s(v*) C 
for M e O. The corresponding statement for ips is false in general. 
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3.4. Natural transformations. We use the notation in the previous subsection. 
We start with the following lemma. 

Lemma 3.16. For M £ M., the natural transformation M — > F^M is given by 
the self-adjointness of F^ and the natural transformation F^M M. 

Proof. We consider the case of F^ = 6f . Using the functor om, we get the lemma 
in the case of F^ = (fg. 

In this case, F^M = Z ®z- M. Since (Resz=,Z (g)z' {Z ®z' ■,'R.esz-) are 
adjoint pairs, we have 

Homz(M, F^M) ~ Hom^a (M, M) ~ Hom(F^M, M). 

The natural transformations M F^ M (rcsp. F^M M) corresponds to 
Id: M M by the left (resp. right) isomorphism. Since these isomorphisms give 
a self-adjointness of F^ , we get the lemma. □ 

Since A' = ^{^y^yy{F^ B{y))), we get a homomorphism a: A —>■ A' and 

a' : A' —>■ A from the natural transformationjjetween F^ : M. ^ Ai and Id. 
Then a-j^ = Hom(a-, M) (resp. a'~ = Hom((7',M)) gives a natural transformation 

cr: F ^ Id (resp. a': Id^F). ^ 

Since we have an isomorphism F{M) ~ M A', we can define another natural 
transformations by idj^^a and id^^a'. 

Proposition 3.17. We have = id^^a' and a'~ = idj^^a. Moreover, we 
have the following commutative diagram for M, N G O: 

Hom(M, N) = Hom(M, N) 

Hoin((7j^,JV) Hom(M,<7^^) 

Hom(FM, N) — ^ Hom(M, FN) 



Honi(Af ,o"^) 



Hom(M, N) = Hom(M, N). 

Proof. In this proof, we omit the grading of objects of M. 

First we prove the first claim for M = A. Put B = ^y^yy -^iv)- Recall that an 
isomorphism IIom(A', A) ~ A' is induced from lIomz{F^B, B) ~ Homz(B, F^B) 
and (T (rcsp. a') is induced from the natural transformation Id F^ (rcsp. F^ 
Id) in M. Hence we get the first claim for M = A from the corresponding statement 
in (Lemma 3.16). 

To prove for a general M, take a free resolution A^i ^ A^o — * — * 0. Since F is 
exact, we have IIom((T, M) = Cok(Hom((T, Ni) -> IIom(cr, No)). Since iVj {i = 0.1) 
is free, we have lloni{a-, N) = id^ ®(t' . Hence we have Hom((7, M) = \d-^^a'. 

The same argument implies Hom(c7',M) = id^^cr. 

We prove the second claim. We only prove the commutativity of the lower square. 
The same argument implies the proposition. An isomorphism Hom(FM, TV) ~ 

Hom(M, FN) is equal to 

Hom(FM, N) ~ Hom(M ®^ I', N) ~ Hom(M, Hom^(I', N)) = Hom(M, FN). 

For / G Hom(FM, TV) = Hom(M (g)^ A', N), an image of / under Hom(^M, N) ~ 
Hom(M, FN) Hom(M, A'') is given by to i— > /(to- (8) c(l)), namely, an image of / 
under the map Hom(idj^ (gxr. A''). We get the proposition from the first claim. □ 
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Theorem 3.18. Let s,t be simple reflections. The functors 9t and <^ from O 
to O commute with each other. Moreover, the natural transformation 9t — > 
(resp. 'tps — > Qi^Ps, Ot, Ot^Ps — * ^s) can he identified with 6t(Id — >■ ^) 

(resp. ^(Id Ot), 6t{^s ^ Id), ^(^t -> Id);. 

Proof. Since (^(M) ~ M(8)^(^(^) and 9t{M) ^ Af (g)^^t(A), we may assume that 

M = A. In this case, the theorem follows from the corresponding statement in M., 
namely, Proposition 3.5. □ 

3.5. Translation of projective modules and simple modules. 

Theorem 3.19. (1) If^xs < x, then e,P{x) = P{x)®^ and 9sP{x) = P{x)®^. 

(2) Ifxs > X, then e,P{x) = P{xs) ® ©^<^^ ysKyPivr' and e,P{x) = 
P{xs) © ®^<^, ys<y PivT^for some my G Z>o. 

(3) 9sL(x) = if and only if xs > x. 

(4) Ifsx < X, then ^P(a;) = P{x)®^ . 

(5) Ifsx > X, then^sP{x) = -P(sa;) e0y<^_ syKyPiv)"''' for some rUy e Z>o. 

(6) LpsL{x) = if and only if sx > x. 

Proof. The first statement of (1) and (2) follows from Proposition 3.7 and Proposi- 
tion 3.14. We get the second statement of (1) (2) tensoring C to the first statement 
of (1) (2), respectively (see Remark 3.15). 

From (1) and (2), we have 9sA = ®ys<yP{yY^ for some Uy > 2. Put % = 
for ys > y. Then wc have 

diiai9sL{x) = dimRom r {A, 9 sL{x)) = dimHomT((^sA, L(x)) 



= dimHom^ (^^P{y)^y,L{x)j = 



The proposition follows. 

(4), (5) and (6) follow from the same argument. □ 

4. ZUCKERMAN FUNCTOR 

4.1. Definition and commutativity with translation functors. Fix a simple 

reflection s. Let Og be a fuU-subcatcgory of O consisting of a module M such that 
Hom^(P(a;), M) = for all sx < x. Let : — > O be the inclusion functor. Then 
Ls has the left adjoint functor r^. It is defined by 

Ts{M) = M/M' 

where 

M'= Pi Kery). 

ip: M^Mi, MieOs 

Since Tg has the right adjoint functor tg, Tg is a right exact functor. Put Tg = LsT^s- 

Lemma 4.1. Let s be a simple reflection. For M G O, M G Os if and only if 
(fisM = 0. In particular, 9i preserves the category Os for a simple reflection t. 

Proof. From Theorem 3.19, wc have = ^gy^y Piy)™" for some niy > 2. 

Hence, if M G Og, then ifgM = Hom^(A, (fgM) = Hom^(^A, M) = 0. 

UM ^Og, then Hom(P(x), M) = Rom{P{x), M)^0 for some xgW such that 
sx < x. Hence Hom(P(a;), t^^M) = Hom(^P(a;), M) = Hom(P(a;)®2, M) ^ 0. 
Therefore, ifgM ^0. 

Take M e Og. Then, by Theorem 3.18, ipg9tM = 9tipgM = 0. Hence 9tM G 

a. □ 
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Proposition 4.2. The functors Ts and 6t commute with each other for simple 
reflections s,t. 

Proof. From Lemma 4.1, the functor 6t induces a self-adjoint functor from Os to 
Os- We denote this functor by O^. Obviously, we have 9tts — LsO[. Taking the left 
adjoint functor of the both sides, we get Tg^t ~ ^t^s- Hence we get OtTs = OtisTg — 

4.2. Translation of Verma modules. We consider (fisM{x). We start with two 
lemmas. 

Lemma 4.3. Let {Mx} be a family of S{V*)-modules. Then we have an isomor- 



phism {fix Mx) ^s{V') C ^ UxiMx ^s{V') C). 

Proof Since M ^siv) C = M/V*M for an 5'(V*)-module M, it is sufficient to 
prove that V*{YlxMx) = U.xi^*Mx)- Notice that V* is finite-dimensional. Let 
vi,...,vrhea basis of V*. Then V*iYlx ^x) = E^ y^{Ux ^x) = Ei Da «^^a = 



Lemma 4.4. Let Mi M2 M3 be a sequence inM.. If 'Rom z{B{y), Mi)(gi5(y.) 
C -> 'Romz{B{y),M2) ®s{v) C -> Homz(B(y), M3) ®s{y) C is exact for all y, 
then $(Mi) ^ <I>(M2) ^(Mg) is exact. 

Proof. From the previous lemma. 



Proposition 4.5. Let s be a simple reflection and x €W such that sx > x. 

(1) We have an exact sequence M{x) ^{(p^V{sx)) — > M{sx) — > 0, here 
the map $(</?f V(sa;)) — > M{sx) is the canonical map. 

(2) We have an exact sequence — > M{x) ipsM{sx) M{sx) 0, here 
the map (psM{sx) M{sx) is the canonical map. 

(3) We have an isomorphism ^M{sx) ~ (^Af(x) and the map M{x) —>■ 
(psM{sx) in (1) and M{x) 'ipsM[sx)^s{V')C is induced from the canon- 
ical map M{x) (psM{x). 

(4) For a Z-module M, the composition of the maps $(M) ips^{M) — > 
$(M) is equal to 0. 

(5) We have an inclusion M{sx) M{x). 

Proof. Set a = as- 

(1) Put ^ = ^{ipsV{sx)). By [FieOSa, Lemma 5.4], we have 



Y{x{V*Mx) 



□ 




= $(M). 



We get the lemma. 



□ 
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Hence we get an exact sequence V{x){—1) (fisV{sx){l) — > V{sx) (cf. [FieOSa, 
3.4]). This implies an exact sequence 

^ Homz(S(y), ^ RomziB{y),ipfV{sx)) ^ nomz{B{y), Visx)) ^ 

for all y&W. Since Hom2(B(y), l/(sx)) ~ Homs(y-)(^(2/)«^, and ^(y),^ 

is free, we have that 'H.omz{B{y), V{sx)) is free. Hence we get an exact sequence, 

^ Homz(S(y), y(a;)) ^s{V') C ^ Homz(B(2/), F(sar)) C 

^ Homz(S(j/), y(sa;)) ^s{V') C ^ 

for all y £ W^. From the previous lemma, we get (1). 

(2) For M e O, wc define a new S'(y*)-module structure on ^(M) as fol- 
lows. The action oi p e S{V*) is given by ips{p), here M M is a S{V*)- 
action on M. Then, in general, this action is different from the original S{V*)- 
action (the action induced from the action of A). When we consider this S{V*)- 
module structure, we denote C((^(M)) instead of (^(Af). By the definition, we get 
C(^(M)) ^s{v) C = C(^(M(8)s(y.) C)). We define the S'(y*)-module structure 
on Hom^(B(y), <fifV{sx)) by the same way, and denote the resulting S'(F*)-module 
by Cyiomz{B{y),ip^Visx))). We have {Romz{®y^,y B{y),ipfV{sx))) = 

C elf's M(sx)). Moreover, from the same argument in (1), we have an exact sequence 
^ RomziBiy), V{x)) C(Homz(B(2/), <p^V{sx))) ^ Homz(B(y), V{sx)) ^ 

for all y S W. Tensoring with C, we get (2). 

(3) Both V{x) and V{sx) are isomorphic to S(V*) as an S'(F*)-module. Let 
z = {z^w)'w ^ Z C Y[w€W ^(^*) ^^'^ assume that z E Z^'= . Then we have = 
s{zsa;). Hence the action of z on V{x) is given by the multiplication of Zx, while the 
action of z on V{sx) is given by the multiplication of Zsx = s{zx). Hence S{V*) ~ 
V{x) — > V{sx) ~ S{V*) given by p i-^ s{p) is an isomorphism as Z*"' -modules. 
Hence Res^r^ V{x) ~ Rcszi-s V{sx). Therefore, ipgV{x) ~ (pfV{sx). Hence we get 
^sM{x) ~ (psM{sx). It is easy to see that the canonical map M{x) (psM{x) is 
equal to the map we give in (1) and (2). 

(4) The composition of the maps M — > Zcg)z'^s M M is given by to i— > 2q:to. So 
the map }lomz{B,M) RouiziB , tpf M) llomz{B,M) is given by / i-^ 2a/. 
If we tensor C over S{V*), this map becomes 0. 

(5) This is a consequence of (1) and (4). □ 

4.3. Duality of Zuckerman functor. 

Lemma 4.6. Let f: M{s) — > M(e) be an injective map. Then we have rs(M(e)) = 

M(e)//(M(s)). 

Proof. Put M = Ker(M(e) rsM(e)). If sx > x, we have £§{x)e = ^{x)s by 
Lemma 3.6 and [FieOSa, Lemma 5.4]. Hence 

rankHomz(B(a;),F(e)) = rankHoms(y.)(^(x)e, 

= rankHoms(y.)(/^(x),, SiV*)) = rankHomz(B(a;), V{s)). 

This implies dimHomA(^'(.i ), Af (e)) = dimHom^(P(x), M(s)). Therefore, we get 

HomA(P(a;),A^(e)//(A'/(s))) ^ 0. Hence M C f{M{s)). Since /(M(s)) ~ M(s) 
has the unique irreducible quotient L{s), we have M = f{M{s)). □ 

The module Ts{A) is, of course, a right A-module. Using A ~ EndA(^, ^) — *■ 
EndA{Ts{A),Ts{A)), we also regard Ts{A) as a left A-module. By the same argu- 
ment, iPs{A) is a left A-module and right A- module. 
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Theorem 4.7. We have the following exact sequences, here all maps are canonical 
maps. 

(1) ^ ^ ^ (fsA A—>- TgA — > as left A- and right A-modules. 

(2) — »■ A — »• (^sA) ®s{v) C — »■ A — > TgA — > as left A- and right A-modules. 

Proof. Wc only prove (1). The same argument implies (2). 

We prove the exactness of ^ P(a;) ^ ipgPix) P{x) TgPix) ^ by 
induction on (.{x). 

First assume that x — e. Then P{e) = M{e). By Proposition 4.5 (1) and 
(3), — >■ M(e) ipsM(e) is exact and its cokernel is isomorphic to M(s). From 
Lemma 4.6, we have an exact sequence M{s) M(e) TsM{e) 0. Hence 
M{e) (psM{e) M(e) TsM{e) ^ is exact. 

Assume that x > e and take a simple reflection t such that xt < x. Then by 
inductive hypothesis, the sequence — > P{xt) — > ipsP{xt) P{xt) TsP{xt) 
is exact. By Theorem 3.18 and Proposition 4.2, we get the exact sequence 
etP{xt) tps0tP{xt) 0tP{xt) TsOtP{xt) 0. Since P{x) is a direct sum- 
mand of 6tP{xt), we get the theorem. □ 

Lemma 4.8. For M G O, we have the following. 

(1) We have (fs{M) ~ M (E)a (ps{A). Hence fs{A) is a flat left A-module 

(2) We have HomA(^(A) ®s(v) C, M) ~ ips{M). Hence ^(^) ®s{v) C is a 
projective right A-module. 

Proof. (1) follows from Lemma 3.13. (2) is proved by the following equation: 

HomA(^(l) (B>s{V') C,M) = Hom^(^(I),M) 

~ Hom^(I,^M) ~ ^(M) = <f,{M) 

□ 

Define a functor : O O by t^(M) = HomA(T^(A), M). Since r,(M) ~ 
M (S)A Ts{A), this functor is the right adjoint functor of Ts- Let Lts be the left 
derived functor of Ts, Rt'^ the right derived functor of r^, D^{0) the bounded 
derived category of O. 

Lemma 4.9. We have RtI{A)[2\ ~ Ts{A) as A-him.odules . 

Proof. We prove that i?V^(A) = for z ^ 2 and = Ts{A). Let k: D{0) 

D{0) be the functor induced from the inclusion functor O O. It is sufhcicnt to 
consider k(RT!,(A}) since k is an exact functor. Wc calculate i? Hom^i (ts (^), M) 
using the projective resolution in Theorem 4.7 (2). (The reason why we calculate 
k{RT'g{A)) is that a projective resolution in Theorem 4.7 is an exact sequence not 
of A-bimodulcs but of left A- and right ^-modules.) 

From Theorem 4.7 (2), i? Hom^(Tj;(A), A) is given by the complex 

> HoniAiA, A) HomA(^(l) 0s(V') C, A) HomA(A, A) ^ ■ ■ ■ . 

By Lemma 4.8, this complex is 

^ A-^ip^{A) ^A^---. 

Prom Theorem 4.7 (1), this complex is equal to Ts(j4)[— 2]. □ 

Theorem 4.10. Let s be a simple reflection. 

(1) We have LWs{M) — for i > 2 and M G O. Hence Lts gives a functor 

from, D''{0) to D\0). 

(2) The functor Lts[— I] is self-adjoint. More generally, for M,N e D^{0), we 
have RYLom{LTsM[-l],N) = i?Hom(M, LtsN[-1]). 
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Proof. Let k: D{0) D{0) bo the functor induced from the inclusion functor 
O ^ O. We prove that H'{k{LTs{M))) = for i > 2. By Theorem 4.7 and 
isomorphism Ts{M) ~ Ts{A) ®a M, k(LTs{M)) is given by tlie complex (0 —> M 
M ®A fsi^) M 0). From this description, we get (1). 

By the definition, is the right adjoint functor of t^. Hence we have an iso- 
morphism Rllom{LTsM,N) ~ Rl{om{M, Rt'^N). To prove (2), it is sufficient to 
prove that Rt^[2] = Lts- Since Lts(M) :^ M (g)^ Ts{A), we have 

(LTsfiM) ~ M O;^ TsiA) ®^ Ts{A) ^ M LtMA)) 

^M^\ Lts{Rt'^{A))[2] ^ M 0^ ^[2] = M[2], 

here the last map is induced from the adjointness of Lts and Rt'^. Hence using 
the adjointness again, we get the map Lts(M) — > i?T^(M)[2]. 11 A = M, then this 
homomorphism is an isomorphism. For a general M, taking a projective resolution, 
we can prove that the homomorphism is an isomorphism. □ 

5. The functors Tg and Cg 

5.1. Definition and adjointness. Let s be a simple reflection. Deflne a functor 
T; : (5 ^ (5 by i;(M) = Cok(M ^s(M)). The exactness of ^ implies that 

is right exact. 

Lemma 5.1. For p G S{V*) and M &d, we have s{p) = T;(p) : 5;(M) 5;(M). 
In particular, we have Ts{0) C O. 

Proof. Since Tg is right exact, we have Tg{M) ~ M Tg{A). Hence we may 
assume that M = A. Set B = ^y^yir B{y). Then we have 

MA)=Romj{^{ip^{B)),A) 

= Rom^{Romz{B,cpf{B)),A) 

~Hom^(Homz((pf(S),B),^) 

= Homj(Homz(^(8)Z'-. B,B),A). 

Take / e Homz(Z (gjz^s B, B), z e Z and b e B. Then p G S{V*) can acts on / 
by two ways. The first way is induced from the right A-module structure, namely, 
f ^ {{z ®h) ^ f{z ®ph)), this induces a homomorphism p: ips{A) ipg{A). The 
second way is induced from the left y4-module structure, namely, f ^ {{z®h) ^ 
pf{z ® b)), this induces a homomorphism (ps{p)- 'PsiA) ips{A). We denote the 
first action hy f ^ pf and section action hy f ^ p ■ f . For p G S(y*) C Z, we 
have rs{p) = s{p). Hence if p G S{y*y, then we have p G Z'^". So, in this case, we 
get pf = p ■ f ■ Hence p = ^pl{p). This implies p = Ts{p). 

Set a = as. Since S{V*) = S{V*y © aS{V*y, it is sufiicient to prove that 
Ts{a) = —a. The natural transformation A — > fsiA) is induced from B Z®z^s B 
and it is given by&n^ (aCgfe + lCg) cS) (Remark 2.12). Hence A ~ Hom^(j4, A) = 
B.om.^{B.om.z{B,B),A) (fisiA) = Hom^(Homz(Z B,B),A) is given by 

a'-^ if ^ a{b 1-^ fia 6 + 1 (g) ab))), 

where a G A ~ Rom^{Homz{B,B),A), f G Bom{Z <»z-s B,B) and b€ B. 

Take a' G Hom^(Homz(.Z^0x'-s B), A) and define a G Hom^(Homz(B, B), A) 

by 

Homz(B, B) 3 gh^ {a {z ®bi^ a{zb))). 

Since B ^ Z ®z^s B; b i-^ (ai^^+l® ab) is a Z-module homomorphism, we have 
(a (g) ^6 + 1 (8> a^b) = {za ®b + z® ab) . Hence the image of a in Hom^(Homz {Z ®z^s 



THE CATEGORY O FOR A GENERAL COXETER SYSTEM 



17 



B,B),A) is 

/ I— > a'{z (8> 6 f{a ^ + azb) = f{az ®b + z® ah)) 

= a'{af + a-f) = {aa' + ^,{a)a'){f). 

Therefore, we get a + Ts{a) =0. □ 

We denote the restriction of Tg on O by Tg. This gives a functor Tgi O —> O. 
We define the functor : O ^ O by C^(M) = Kcr(^(M) ^ M). 

Proposition 5.2. The functor Cg is the right adjoint functor ofT^. 

Proof. From Proposition 3.17, we get the following commutative diagram: 

> Hom(M, CsN) ^ Hom(M, ^7V) > Hom(M, N) 

I 

> Hom(T;M, TV) ^ Hom(^M, N) > Hom(M, N). 

We get the Proposition. □ 
In particular, for M e O, we have 

Cs{M) ~ Hom^(I, Cs{M)) ~ Hom^(T,(I), M) ~ Homj(T,(I)/y*T,(I), M). 

Prom^Lemma 5.1, we have Ts{A)/V*Ts{A) ~ Tg{A/V*A) =jrs{A). Hence we 
get Cs{M) = Homj(Ts(A),M). Prom this formula, we get Cs{M) e O. Hence 
Cs defines the functor Cg : O — > O. From Proposition 5.2, we get the following 
theorem. 

Theorem 5.3. The functor Cs is the right adjoint functor ofTg. 

Finally, we prove the following lemma. This lemma assures the existence of a 
natural translation Tg — > Id and Id ^ Cg. 

Lemma 5.4. For M G O, the composition of the maps M iPs{M) M is zero. 

Proof. From Proposition 3.14, <fis{M) = M fsi^). Hence we may assume that 
M = A = $(0j.£vr ^i^))- By Lemma 4.6, we get the lemma. □ 

5.2. Homological properties. 

Proposition 5.5. Let s be a simple reflection. 

(1) We have UT^ ^Ofori>l. Hence LT^ gives a functor D^{0) D^{0). 

(2) We have a distinguished triangle LTg ^ id — > Lts 

(3) We have B}Cs =0 fori>l. Hence RCs gives a functor D^{0) D'>{0). 

(4) We have a distinguished triangle Lts[—2] ^ id ^ RCs 

(5) We have L^TgM = Ker(M ^ ipsM) and R^CsM = Cok{ipsM M). 

Proof. (1) follows from (2) and Theorem 4.10 (1). By Theorem 4.7, we have 
Ts{A) A ^ Ts{-^) 0. Since Tg and Tg are right exact, we have Tg{M) = 
M Tg{A) and Tg{M) = M ®a Tg{A). Hence (2) follows. 

(3) follows from (4) and Theorem 4.10 (1). Since Cg is the right adjoint func- 
tor of Ts, we have Cg{M) = Hom(A, Cs(M)) = Hom(Tg(A), M). Hence we have 
RCs{M) = Rllom{Tg{A), M). By the exact sequence Tg{A) A Tg{A) 
0, we have a distinguished triangle REom{Tg{A), M) M RCg{M) 
We have i?Hom(rs(A), M) = i?Hom(LTg(A), M) = i? Hom(A, LTg(M) [-2]) = 
Lts{M)[-2] by Theorem 4.10. Hence (4) follows. We prove (5). From (2) and 
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(4), we have L^T^M = L^t^M = Ker(M -> C,M) = Kcr(M ipsM). We also 
have R^CsM = TsM = Cok(r,M M) ^ Cok((^,M M). □ 

Corollary 5.6. Assume that {W, S) is the Weyl group of a semisimple Lie algebra 
g. From a result of Soergel [Soe90], the regular integral block of the BGG cate- 
gory 0BGG 

Q is equivalent to the category of finitely generated A-modules (Re- 
mark 3.9). We regard 0^^^ is a full-subcategory of O. Then Tg coincides with the 
twisting functor [Ark97] and Cg coincides with the Joseph 's Enright functor [Jos82] 
on OBGG 

Proof. Since C,, is the right adjoint functor of Tg (Theorem 5.3) and the Joseph's 
Enright functor is the right adjoint functor of the twisting functor [KM05, Theo- 
rem 3], the statement for Cg follows from that for Tg. 

From Proposition 5.5 (2), for a projective object P, we have the following exact 
sequence: 

^ TgP ^ P ^ TgP ^ 0. 

The twisting functor satisfies the same exact sequence [MS07, Proposition 2.4 
(1)]. Hence TgP T^P. Taking a projective resolution, we have TgM ~ T^M for 

M e O'. □ 

Proposition 5.7. Assume that sx > x. Then we have TgM{x) = M[sx) and 
L^TgM{x) = 0. Moreover, a natural transformation M{sx) M{x) is injective. 

Proof. This proposition follows from Lemma 4.6 and Proposition 5.5 (5). □ 

Proposition 5.8. We have 

CgM{x) = l^'^;'^ 

^ ^ \m{x) {sx > x). 
Proof. This proposition follows from Lemma 4.6. □ 

6. HOMOMORPHISMS BETWEEN VERMA MODULES 

In this section, we prove the following theorem. 
Theorem 6.1. We have 

'C (y<x), 

Moreover, any nonzero homommphism M{x) — » M{y) is injective. 



Hom(M(a;),M(y)) = 



The surjective map P{x) M{x) induces an injective map Hom(M(x), M[y)) — *• 
Hom(P(a;), M(2/)). liy^x, then 

Hom(P(x), M{y)) = Hom($(B(x)), $(y (y))) 

= Ylomz{B{x), V{y)) ^s(v) C 

= Homs(y.)(^(a;)^, S{V*)) ®s{v^) C = 0. 

Hence we get the theorem in the case of y ^ x. 

Next, we prove the 'existence part' of the theorem. Namely, we prove the fol- 
lowing lemma. 

Lemma 6.2. If y <x, then there exists an injective map M(x) M{y). 

If X = sy, this lemma follows from Proposition 5.7. Hence, to prove the lemma, it 
is sufficient to prove the following lemma (see the proof of [Dix96, 7.6.11. Lemma]). 
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Lemma 6.3. Let s be a simple reflection and x,y € W. Assume that there exists 
an injective map f:M{x)^M{y). If sx > x then there exists an injective map 
M{sx) M{sy). 

Proof. By Proposition 5.7, there exists an injective map M{sx) M{x). If sy > y, 
then there exists an injective map M{y) — > M{sy). Hence the lemma follows. 

We may assume that sy < y. By Proposition 5.7, we have TgM(x) = M{sx) 
and TsM{y) = M{sy). Hence we get the following diagram: 

M{x) — ^ M{y) 



M{sx) M{sy). 

The vertical maps are the natural transformations and they are injective by Propo- 
sition 5.7. Hence Tgf is injective. □ 

To prove Theorem 6.1, it is sufficient to prove the following lemma. 
Lemma 6.4. We have dimHom(M(a;), M(y)) < 1. 

Proof. We prove by induction on £{x). If x = e, then M{x) = M(e) = P{e) = 
$(B(e)). Hence we have 

Hom(M(e),M(y)) = Hom($(B(e)), «>(V(j/))) 

= Romz{B{e), V{y)) ^s(y) C = iloms^v')me)y, V{y)) ®s(y) C. 

li y e, then this space is zero. If y = e, then this space is C. 

Assume that x ^ e. Take a simple reflection s such that sx < x. Then we have 
M(x) = TsM{sx) (Proposition 5.7). Since Cg is the right adjoint functor of Tg, we 
have 

ilom{M{x),M{y)) = Rom{TsM{sx), M{y)) = Rom{M{sx),CsM{y)). 

If sy > y, then CsM{y) = M{sy). If sy < y, then CsM{y) = M{y) (Proposi- 
tion 5.8). In each case, the dimension of this space is less than or equal to 1 by 
inductive hypothesis. □ 



7. More about the functors T, and Cs 
Lemma 7.1. Let s be a simple reflection and x gW. 

(1) We have L^TsM{x) = 0. 

(2) The natural transformation M{x) RCsLTsM{x) is an isomorphism. 

Proof. By Proposition 5.5 (5), we have L^TsM{x) = Ker(M(a;) ipsM{x)). By 
Lemma 4.6, the last module is zero. 

To prove (2), first we prove that RCsTsM{x) ~ M{x). If sx > x, then 
TsM{x) = M{sx). Hence CsTsM{x) = CsM{sx) = M{x) by Proposition 5.8. By 
Proposition 5.5 (5) and Proposition 4.5, we have E}CsM{x) = Cok{ipsM{sx) — > 
Misx)) = 0. 

Next, assume that sx < x. First we prove that R^CsTsM{x) = 0. By Proposi- 
tion 5.5 (4), we have R^CsT,M{x) = TsTsM{x). To prove TsTsM{x) = 0, it is suffi- 
cient to prove that Hom(TsM(x), M) = for aU M e Og. Since Cs is the right ad- 
joint functor of T,, we have Hom(r5M(a;), M) = Hom(M(a;), C^^M). By Lemma 4.1, 
we have (fisM = 0. This implies C^M = 0. Hence Hom(TsM(a;), M) = 0. 
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Using the natural transformation M(x) ~ TsM{sx) M{sx), we regard M{x) 
as a submodule of M{sx). By the definition of Tg and Lemma 4.6, we have an exact 
sequence 

M{sx)/M{x) TsM{x) -> M{x) 0. 

Since M{sx)/M{x) G (Lemma 4.6), (ps{M{sx)/M{x)) = 0. From the definition 
of Cs and Proposition 5.5 (5), Cs{M{sx)/M{x)) = and R^CsiM{sx)/M{x)) = 
M{sx)/M{x). Hence from the long exact sequence, we have 

^ CsT,M{x) CsM{x) M{sx)/M{x) 0. 

From Proposition 5.8, we have CsM{x) M{sx). Hence CsTsM{x) ~ M{x). 

Since End(M(a;)) = Cid by Theorem 6.1, the natural transformation M{x) —>■ 
RCsLTsM{x) is zero or an isomorphism. Since this natural transformation comes 
from id: TsM{x) — » TsM{x) and the adjointness, this is not zero. □ 

Theorem 7.2. The functor LTg gives an auto- equivalence of D{0). Its quasi- 
inverse functor is RCg ■ 

Proof. We prove that the natural transformation M — > RCgLTsM is an isomor- 
phism for M G D{0). Taking a projective resolution, we may assume that M is 
a projective module. Since a projective module has a filtration whose successive 
quotients are Verma modules, we may assume that M is a Verma module. This is 
proved in the previous lemma. □ 

Theorem 7.3. Let w = Sf ■■ si he a reduced expression ofw G W. Then Tg^ ■ ■ - Tg^ 
and ■ ■ ■ Csi is independent of the choice of a reduced expression. 

Proof. The statement for Cs follows from the statement for Tg (Theorem 5.3). 

Put F = • • • T5, . Take an another reduced expression w = s'^ - ■ ■ s'l and put 
G = Tg'^ ■ ■ '^s;- We use (the dual of) the comparison lemma [KM05, Lemma 1]. 
Namely, for a projective module P, we prove the following statements. 

(1) The natural transformations FP — > P and GP P are injective. 

(2) FPc±GP. 

(3) Im(FP ^ -P) = Im(GP P). 

We may assume P = P{x) for some x G W . We prove by induction on t{x). 

li X = e, then P{x) = M(e). By Proposition 5.7, we have FM(e) = GM(e) = 
M{w). Hence we get (2). We prove (1) by induction on I. Put F' = T^^ • • - Tg,. 
The natural transformation FP P is given by FP = Tg-^F'P — * F'P P. 
The natural transformation F' P P is injective by inductive hypothesis. Since 
F'P = M{s2---si), Ts^F'P F'P is injective (Proposition 5.7). Hence FP ->■ 
P is injective. Since dimHom(FM(e), M(e)) = dimHom(M(u;), M(e)) = 1 by 
Theorem 6.1, we get (3). 

Assume that x ^ e and take a simple reflection t such that xt < x. Then P = 
P{xt) satisfies (1-3). By Theorem 3.18, Ts commutes with 9t. Hence P = 9tP{xt) 
satisfies (1-3). Since P{x) is a direct summand of 9tP{xt), P = P{x) satisfies 
(1-3). □ 

References 

[Ark97] S. M. Arkhipov, Semi-infinite cohomology of associative algebras and bar duality, In- 

tcrnat. Math. Res. Notices (1997), no. 17, 833-863. 
[AS03] Hcnning Haahr Andersen and Catharina Stroppcl, Twisting functors on O, Represent. 

Theory 7 (2003), 681-699 (electronic). 
[BGG76] I. N. Beriistem, I. M. Gel'fand, and S. I. Gel'faiid, A certain category of ^-modules, 

Funkcional. Anal, i Prilozen. 10 (1976), uo. 2. 1 8. 
[BMOl] Tom Braden and Robert MacPherson, From moment graphs to intersection cohomology, 

Math. Ann. 321 (2001), no. 3, 533-551. 



THE CATEGORY O FOR A GENERAL COXETER SYSTEM 



21 



[Dix96] Jacques Dixmier, Enveloping algebras, Graduate Studies in Mathematics, vol. 11, Amer- 
ican Mathematical Society, Providence, RI, 1996, Revised reprint of the 1977 translation. 

[EW80] T. J. Enright and N. R. Wallach, Notes on homological algebra and representations of 
Lie algebras, Duke Math. J. 47 (1980), no. 1, 1-15. 

[FieOSa] Peter Fiebig, The combinatorics of Coxeter categories, Trans. Amer. Math. Soc. 360 
(2008), no. 8, 4211-4233. 

[FieOSb] Peter Fiebig, Sheaves on moment graphs and a localization of Verma flags. Adv. Math. 
217 (2008), no. 2, 683-712. 

[Jos82] A. Joseph, The Enright functor on the Bernstein-Gel' fand-Gel' fund category O, Invent. 
Math. 67 (1982), no. 3, 423-445. 

[KM05] Oleksandr Khomenko and Volodymyr Maaorchuk, On Arkhipov's and Enright's func- 
tors, Math. Z. 249 (2005), no. 2, 357-386. 

[MS07] Volodymyr Mazorchuk and Catharina Stroppel, On functors associated to a simple root, 
J. Algebra 314 (2007), no. 1, 97-128. 

[Soe90] Wolfgang Socrgcl, Kategorie O , perverse Garben und Moduln iiber den Koinvarianten 
zur Weylgruppe, J. Amer. Math. Soc. 3 (1990), no. 2, 421-445. 

[Soe07] Wolfgang Soergel, Kazhdan-Lusztig-Polynome und unzerlegbare Bimoduln iiber Poly- 
nomringen, J. Inst. Math. Jussieu 6 (2007), no. 3, 501—525. 

[Ver68] Daya-Nand Verma, Structure of certain induced representations of complex semisimple 
Lie algebras. Bull. Amer. Math. Soc. 74 (1968), 160-166. 



Graduate School of Mathematical Sciences, the University of Tokyo, 3-8-1 Komaba, 
Meguro-ku, Tokyo 153-8914, Japan. 

E-mail address: abenoriams.u-tokyo.ac.jp 



